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1. Theorem 

Let k be a number field. Let A be an almost split semiabelian variety over k ; by this we 
mean that A is isogenous to the product of an abelian variety A 0 and a torus T. We enlarge 
k if necessary to assume that T = GLet <f = (</>i,</> 2 ) : A —> A 0 x G” be the isogeny. 
Let hi : A 0 (k) —> R be a Neron-Tate canonical height associated to a symmetric ample line 
bundle on A 0 , and let h 2 : G^(fc) —> R be the sum of the naive heights of the coordinates. 
For x G A(k), let h(x) = hi{<f>\{x)) + h 2 (0 2 (^))- For e > 0, let B e = { z G A(k) \ h(z ) < e }. 
Let T be a finitely generated subgroup of A(k), and define 

r e := r + B e = { 7 + z I 7 G T, h(z) < e }. 

Note that r 0 = T + A(fc) tors . 

Let X be a geometrically integral closed subvariety of A. Our main result is the existence 
of e > 0 such that X(k) 0 r e is contained in a finite union (J Z 3 where each Zj is a translate 
of a sub-semiabelian variety of A-% = A 0^ k by a point in r 0 and Z 3 C Xj. Since a sub- 
semiabelian variety of an almost split semiabelian variety is almost split, this is equivalent 
to 

Theorem. If X is not a translate of a sub-semiabelian variety of A by an element of T o, 
then there exists e > 0 such that X(k) fl is not Zariski dense in X. 


Let us indicate the relation to more familiar statements. The “Mordcll-Lang conjecture” 
states that if X is a geometrically integral closed subvariety of a semiabelian variety A over a 
field k of characteristic 0, if T is a finite rank subgroup of A(k), and if X is not the translate 
of a sub-semiabelian variety, then X{k) fl Y is not Zariski dense in X. The statement in 
this form was conjectured by Lang [|Ea| and proved by McQuillan |[McQ|| following work by 
Faltings, Vojta, Raynaud, Hindry, and many others. See [ |McQ|| and the references cited 
there for further history. (There is a function field version too » but it will not be 
considered here.) The case where A is almost split, and where T is finitely generated follows 
from our theorem, since specialization arguments reduce the Mordell-Lang conjecture to the 
case where k is a number field. 

The “generalized Bogomolov conjecture” states that if A is an abelian variety over a 
number field fc, if h is a Neron-Tate height, and if X is a geometrically integral closed 
subvariety that is not the translate of a sub-abelian variety by a torsion point, then X(k)nB e 
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is not Zariski dense in A". This was proved by Zhang ||Zh3|| , following work by him and 


Szpiro and Ullmo, and an independent proof was given shortly thereafter by David and 
Philippon [UP] . See 0 and the survey by Abbes [ |Ab|| for some history. The analogue for 
tori was also proved by Zhang ||Zh2|| , and a version for almost split semiabelian varieties has 


been announced recently by Chambert-Loir [ |CL2|| . These results are also contained in our 
theorem. 

The proof of our theorem does not yield new proofs of any of these results, however, 
because it uses them! Our proof requires also the theorems on “equidistribution of small 
points” developed by Szpiro, Ullmo, Zhang [|SUZ|1 , ||Zh3| , Bilu [|Bi|], and Chambert-Loir [|CL2 


In the final section of our paper, we formulate a conjecture which would generalize our 
theorem to all semiabelian varieties, and with the division group of T in place of T. 


2. Proof 

Lemma. Let V be a projective variety over C. Let S be a connected quasi-projective variety 
over C. Let y —> V x S be a closed immersion of S-varieties, where y —> S is flat with 
d-dimensional fibers. Fori > 1, let Si G S( C) and let Y[ C V be the fiber ofy—>S above s t . 
Let fii be a measure supported on Yfi C). If the pa converge weakly to a measure fi on U(C), 
then the support of h is contained in a d-dimensional Zariski closed subvariety ofV. 

Proof. We may assume that V = P n and that y —> is the universal family over a Hilbert 
scheme S. Since S is projective over C, we may pass to a subsequence to assume that the 
Si converge in the complex topology to s G 5(C). By compactness of A’(C), /j must be 
supported on the fiber y s <zV. □ 


Remark. The hypotheses can be weakened. It is enough to assume that the Yj form a “limited 
family” of closed subvarieties of V of dimension < d, because then there are finitely many 
possibilities for their Hilbert polynomials ||Gr| , Theoreme 2.1]. The limited family condition 
holds, for instance, if the Yj are reduced and equidimensional of dimension d, and deg Y] 
(with respect to some fixed embedding V P n ) is bounded [|Gr, Lemme 2.4], 

Proof of Theorem. We may assume that A = A 0 x G” . Let G C A be the connected 
component of the group of translations preserving A". We may assume dim G = 0, since 
otherwise we consider X/G C A/G and use the easy fact that if z % G A{k) and h{zf) —> 0 
then the same is true for the images of the z, in A/G (for any similarly defined height on 
A/G , which is almost split). We may enlarge k so that P C A(k). 

If the theorem fails, there exists a sequence Xi = y* + z t in X(k) converging to the generic 
point of A", with 7 * G T and z t G A[k) such that h{zf) —> 0. Passing to a subsequence 
and enlarging k, we may assume that the closed points of A corresponding to the z* are 
contained in a geometrically integral subvariety Z of A defined over k, and converge to the 
generic point of Z. Let Z a be the base extension of Z by a fixed embedding a : k C. Let 
O(zi) denote the image of the Gal(A;/A;)-orbit of Zj in Z a ( C). The Bogomolov conjecture and 
the equidistribution theorem for almost split semiabelian varieties ||CL2|] imply that Z is the 
translate of a sub-semiabelian variety B by a torsion point, and that the uniform measures 
Hi on O(zi) converge weakly as i — > 00 to the measure Hz on Z a (C) that is the translate of 
Haar measure on the maximal compact subgroup B 1 of B a ( C). 

If Z is a point, we are done by Mordell-Lang. Therefore assume dim Z > 0. Let tt : A —> 
A/B be the projection. If r G Ga \(k/k), then TXi — Xi = TZi — Zi G Z-% — Z-% = Bj:, so 
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Applying an automorphism on the side, we may assume that B = B 0 x G r m x {l} n-r C 
Aq x = A, where B 0 is a sub-abelian variety of A 0 . We embed A in A := A 0 x (P 1 ) 71 in 
the obvious way, so that n extends to a projective morphism 7T : A —> A 0 /B 0 x (P i ) n_r . Let 
A be the closure of A in A. Restrict 7T to X to obtain a projective morphism ttx ■ X —> 7f(A) 
to the scheme-theoretic image. Choose a dense open subset U C 7f(A) with 7r^ 1 (f/) —> U 
flat. Discarding finitely many x*, we may assume that 7Tx(xj) G U(k ) for all i. Since 
dim G = 0 < dim B, the translation by elements in B cannot all preserve A", nor can they 
preserve the dense open subset 7r^ 1 (f/). Hence the relative dimension d of —> U 

satisfies d < dim B = dim Z. 

Let y —> S be the base extension 7T X ' (U) x A —> U x A of ttx- Again y is flat and projective 
over S of relative dimension d. We consider y as a family of subvarieties of A via the S- 
morphism y —»► A x S where y —■► A is the composition y = n^(U) xA^AxA^ A, with 
the last map extending subtraction Ax A —> A. The morphism 7rj f 1 (f/) = A X-p^JJ —> Xx U 
is a closed immersion (since 7f(A) is separated over k). Multiplying by A and composing 
with the product of A" A by U x A, and the automorphism of A x U x A given by 
“subtracting” the third coordinate from the first, we find that 

y = TTx^U) x A —■» A x U x A —»A x U x A —■> ~A x U x d = d x 5 
is a closed immersion. 

Let Si = cr(7Tx(xj), 7 j) G S a ( C). Let Y { be the fiber of 3^ above s*, considered as subvariety 
of A a . (Informally, is 7r^ 1 (7Tx(iCi)) — y* base extended to C.) Using 7r(rxj) = 7r(xj) for 
r G Gal (k/k), we find that a(r^) G U(C). Thus is supported on U(C). The lemma 
applied to y a —> S a with V = A a implies that the limit pz is supported on a d-dimensional 
subvariety of A a . 

The Zariski closure of B 1 is an algebraic subgroup of B a containing all its torsion, so B 1 
is Zariski dense in B a . Hence the support of pz (which is a translate of B 1 ) cannot be 
contained in a subvariety of dimension d < dim Z. This is a contradiction. □ 


Remark. (Failure of equidistribution.) Suppose A is abelian, x* G A (k) fl T £i converge to 
the generic point of A", and e* —> 0 + . The theorem tells us that A must be a translated sub- 
abelian variety, but it is not necessarily true that the uniform measures on 0(x;) (defined as 
above) converge weakly to Haar measure on A (T (C): it could be that x* = rqy with n* G Z, 
7 G T is a sequence of fc-rational points converging in the complex topology, for instance. 


3. Conjecture 


In this section we formulate a conjecture which still includes the generalized Bogomolov 
conjecture, but now contains also the full Mordcll-Lang conjecture for division points on 


semiabelian varieties over number fields ||McQ|| . The following approach, suggested to the 


author by E. Hrushovski, circumvents the problems with defining a canonical height for 
semiabelian varieties. 

Let U be a geometrically integral quasi-projective variety over a number field k, equipped 
with a morphism / : U — > U. For integers r > 1, let f r : U — > U denote the r-th iterate of 
/. We assume the following condition on (U, /): 

(*) There exist a (logarithmic) Weil height h : U(k) —» R associated to some embedding 
U > P n , an integer r > 1, and real numbers M > 0 and c > 1 such that h(z) > M 
implies h(f r (z )) > ch{z). 
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If z G U(k), let N(z) be the smallest integer N > 1 such that h(f N (z )) > M, or oo if no 
such N exists. Northcott’s finiteness theorem about the number of points of bounded height 
and degree implies that N(z) = oo if and only if z is preperiodic for / (i.e., has finite orbit 
under the iterates of /). For i > 1, let Zi G U(k). We say that {zi}i> i is a sequence of small 
points if N(zi) —> oo in P 1 (R). 

Proposition. Suppose (U, f) satisfies (*), with h, r, M, and c. 

1) If h! is another Weil height, corresponding to another projective embedding, then there 
exist r', M', and c' as in (*) for hi. 

2) For any such choices, the notion of sequence of small points obtained is the same. 

3) If (U, g) also satisfies (*) ; and fg = gf, then the notion obtained using g is the same 
as that using f. 

4) If (U 1 , f) also satisfies (*), and if : U —> U' satisfies iff = f'lf, then if maps sequences 
of small points to sequences of small points. 

Proof. Without loss of generality, we may add a constant to the Weil heights to assume that 
they always exceed 1. (This allows us to drop a few constants in what follows.) 

1) Writing explicitly the isomorphisms between the two embedded copies of U shows that 
h'(z) < eh(z) and h(z) < e'h'(z) hold on U{k) for some e, e' > 1. Then for M' := eM, 
d = 2, and for a sufficiently large multiple r' = mr of r, 

1 771 771 

h'iz) > M' =>- h(z) > M and h'(f r (z)) > —h(f r (z)) > — h(z ) > — h'iz) > c'h'iz). 

e' e' ee' 

2) Let N'(z) be the fV-function for a second choice hi , M'. There exists an integer p > 1 
independent of z, such that 

hiz) > M h'(f pr (z )) > - h(f pr (z )) > -h(z) > —M > M'. 

e el el 

Then N'(z) < N(z)+pr for all z. The same argument bounds N(z) by N'(z) plus a constant. 

3) It suffices to show that N g (the fV-function for g) is bounded by a linear function of 
Nf. (Then interchange / and g.) By 2), and by replacing each r by a multiple, we may 
assume that the h, r, M, and c being used for g are the same as for /. Choose d > 1 so 
that h(f(z)) < dh(z) for all z G U(k). Let rj = Nf{z). We may assume rj < oo. For integers 
m > (log d/ log c)r/, 

h(g mr (z )) > d~ v h(f v (g mr (z))) = d~ p h{g mr (f v (s))) > d~ p c m h(P(z )) > h(P(z)) > M. 
Hence N g (z) < \log d / log c] r ■ Nf(z). 

4) Choose hi for U 1 . Choose a > 1 so that h'(if(z)) < ah(z) holds for all z G U(k). We 

may choose M 1 for U' so that M’ > aM. Then N'(if(z)) > N(z) for all z G U(k). □ 

Remark. Condition (*) is satisfied for (U, f) if there exists an integral projective variety V 
containing U as an open dense subset, and an ample line bundle C on V such that / extends 
to a morphism / : V — » V and / C 0 C®~ q in (Pic V) ® Q is effective for some 1 < q G Q. 
(We say that M. G (PicV) ® Q is effective if Ad® n is represented by an effective Cartier 
divisor for some n > 1.) 


Remark. Our situation is only slightly more general than that considered in ||CS|| and the 
introduction of ||Zhl|| , which consider projective varieties A" equipped with / : X —> X and C 
in Pic V or (Pic V) ® R satisfying f*C = C® d for some d > 1. With our weaker assumptions, 
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we have apparently lost the ability to define a reasonable “canonical height” using /, but we 
have gained the ability to handle semiabelian varieties, as we explain next. 


Let A be a semiabelian variety over a number field k, i.e., an algebraic group fitting into 
an exact sequence 

0^T^A^A 0 ->0. 

where Ty = G' m ^ for some r > 0 and A 0 is an abelian variety. We enlarge k if necessary to 
assume that T = over k. 

For m G Z, let [m] : A — > A be multiplication by m. There is a compactification A to 
which [m\ extends, equipped with effective line bundles £ 0) £1 with C := ample, such 

that [m]*C = £q m2 ® £f m . (See Section 1.1 of [|McQ|| , for example.) The last remark above 
shows that (A, [m]) satisfies (*) for m > 2, and the proposition shows that the resulting 
notion of a sequence of small points depends only on A. 


Remark. If A is almost split, and h is as in our introduction, then is a sequence of 

small points if and only if h[zf) —> 0 . 

Let T be a finitely generated subgroup of A(k), and define the division group 

T 7 := { x G A(k) | there exists n > 1 such that nx G T }. 

Finally, let X be a geometrically integral closed subvariety of A. In light of the many special 
cases that have been proven, it seems reasonable to conjecture the following: 

Conjecture. Fori > 1, suppose Xi = 7 * + Z{ G X (k) where 7 j 6 F' and is a sequence 

of small points in A{k). If X is not a translate of a sub-semiabelian variety of A by an 
element ofY', then the Xi are not Zariski dense in Xy. 

Equivalently, we could let B f := (z 6 I X(z) > 1/e} and conjecture that for some 

e > 0, X{k ) D (r 7 + B e ) is contained in a finite union (J Zj where each Zj is a translate of a 
sub-semiabelian variety of Ay by an element of T 7 , and Zj C Xy. (Here N is the iV-function 
as above for ( A , [m]), for some Weil height h and some M > 0.) 


Remarks. The case where T = 0 is a generalization of the Bogomolov conjecture to semia¬ 
belian varieties. Some foundations for a theory of canonical heights on semiabelian varieties 
can be found in ||CL 1 . 

The case where A is almost split and all the 7 j are in T is a restatement of our main 
theorem. If we had a generalization of the equidistribution theorem and the Bogomolov 
conjecture to general semiabelian varieties, we could prove the case where A is semiabelian 
and 7 * G T using our method. 
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